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1. INTRODUCTION
In the study of stability problems for functional differential equations, it
is well known that Lyapunov's second methods, including Lyapunov func-
 .tional and Lyapunov function i.e., Razumikhin technique , are very impor-
tant and effective. For uniform asymptotic stability, the standard assump-
tion is that the right-hand side of the differential equation be bounded for
w xbounded x 3 . In Lyapunov functional method, the boundedness condi-t
2 w xtion is removed by Burton using L -norm 2 , and further weakened by
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w x w xWang using the main sequence 13 . In a similar spirit, Zhang 16 studies
infinite delay equations without boundedness based on Razumikhin tech-
nique.
 . y  x q w . w xLet R s y`, ` , R s y`, 0 , R s 0, ` , and C X, Y be the
class of continuous mappings from a topological space X to a topological
< <space Y. Let E be a Banach space with norm ? and let B denote anE
w xabstract phase space which is a Banach space of functions mapping ya , 0
< <into E with norm ? , where a ) 0. When a s `, we shall mean thatB
w x  xya , 0 s ya , 0 and the space B satisfies suitable axioms introduced
w x w x w .by Hale and Kato 4 and Shin 10 . If x : t y a , b ª E for some0
 .  . w xb ) t , then x is defined by x u s x t q u for u g ya , 0 , where0 t t
w .t g t , b .0
This paper is concerned with uniform asymptotic stability of solutions of
 .the functional differential equation FDE
x t s f t , x for t ) t , x s w g B, 1 .  .  .Ç t 0 t0
w .where f is a E-valued mapping defined on t , ` = B. We shall assume0
that f satisfies some appropriate conditions to assure that the existence of
 .  .  .  . q  w x.solutions x t s x t, t , w of 1 through t , w g R = B see 5, 7, 10 .0 0
It should be noted that abstract functional differential equations have
w xbeen studied by many researchers 5, 7, 12 .
The concepts of Lyapunov stability have given rise to many new notions
that are important in applications. For example, partial stability, condi-
tional stability, and stability of an invariant set, to name a few. To unify
various stability concepts and to offer a general framework for study, the
stability concepts defined in terms of two measures have been proven very
w xuseful 8 . In this paper, we shall establish, using Razumikhin technique,
several criteria on uniform asymptotic stability in terms of two measures
 .for the abstract functional differential equations 1 under weaker condi-
tions. These criteria are easier to check in practice and can be applied to
Lyapunov functionals constructed by the variation of parameter formula
 .see Example 2 in Section 4 . To demonstrate the advantages of our
results, several examples are also worked out.
2. PRELIMINARIES
w qxLet X be a Banach space. A function h g C R = X, R is called a
 .measure in X if inf h t, x s 0. We denote the measure in t, x .g R=X
X s E and X s B by h g G and h g G , respectively. The following0 0 1
w x w xdefinition follows Lakshmikatham and Liu 8 and Xu 14 .
LIU AND XU628
 .DEFINITION 1. Let h g G , h g G . The system 1 is said to be0 1 0
 .  .  .  .  .S h , h -uniformly stable US , denoted by 1 g h , h -US, if for1 0 0
 .each « ) 0 and t G 0 there exists a d s d « ) 0, independent of t ,0 0
 .   ..such that h t , f - d implies h t, x t - « for t G t ;0 0 0
 .  .  .  .S h , h -uniformly asymptotically stable UAS , denoted by 1 g2 0
 .  .  .h , h -UAS, if 1 g h , h -US and for each g ) 0 and t G 0 there exist0 0 0
 .  .  .h s h g ) 0 and T s T g ) 0 such that h t , f - h implies0 0
  ..h t, x t - g for any t G t q T and t G 0;0 o
 .  .  . w  .  . xS h , h -uniformly bounded UB or 1 g h , h -UB if for each3 0 0
 .  .d ) 0, there exists a b s b d ) 0 such that, for all t G 0, h t , f - d0 0 0
  ..implies h t, x t - b for t G t .0
w x n.If we choose B s C ya , 0 , R J C endowed with the uniform norm
5 5 5 5 <  . < n < < ? , i.e., w s sup w u for w g R , and take h s ? thea a ya F u F 0
n. 5 5  .norm of R and h s ? , the stability h , h -US, etc. are the stabilitya0 0
2 .in the usual sense denoted by US, etc. The stability in L V used in
 . 5  .5 2Section 4 is the stability in measures h t, f s sup f u , x L V .0 ya F u F 0
  .. 5  .5 2 5 5 2  < < 2 41r2and h t, u t s u t, x , where ? s H ? dx .L V . L V . V
 . w xLEMMA 1. Let V t g C R, R satisfy the differential inequality
ÇV t F W t , V t if V s F V t for s F t , 2 .  .  .  .  . .
w qx  .where W g C R = R, R . Let y t be the maximal solution of differential
equation
y t s W t , y t , y t s y . 3 .  .  .  . .Ç 0 0
 .If V s F y for s F t . Then0 0
V t F y t for t G t . .  . 0
 .   .4Proof. Let U t s sup V s for t g R, then there is an s such thatsF t 0
 .  .  .  .U t s V s and either s s t or s - t and V s - V s if s - s F t. If0 0 0 0 0
Ç .  .  .s - t, then for h ) 0 sufficiently small U t q h s U t and U t s 0 F0
Ç Ç  ..  .  .  .  .   ..W t, U t . If s s t, then V s F V t and U t s V t F W t, V t s0
  ..  .W t, U t by condition 2 . Therefore, for all t G t ,0
ÇU t F W t , U t and U t F y . 4 .  .  .  . . 0 0
 .  . w xUsing 3 and 4 and applying the comparison theorem 6, p. 15 , we derive
that
U t F y t for t G t . .  . 0
 .  .Noting V t F U t , this proves the assertion of the lemma.
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Remark 1. Similar results for equations with bounded delay may be
w xfound in 6, Vol. II .
DEFINITION 2. Let c : Rqª Rq and w : Rqª Rq by measurable func-
tions. The function c is said to be positi¨ e in measure on w, denoted by
c g PM , if for any « ) 0 there are T G 0 and d ) 0 such thatw
E ; T , ` and w t dt G « imply that c t dt G d ..  .  .H H
E E
Remark 2. The measurable function c is said to be positive in measure
 . w xPIM 16 if w ' 1 in Definition 2.
w q qxThe generalized derivative of a Lyapunov function V g C R = B, R
 .along solutions of 1 is defined by the relation
Ç Ç qV t ' V t , x s sup lim V t q b , x y V t , x rb , 5 .  .  .  .  .bª01. t tqb t
 .  .  .  .where x t s x t, t , w is a solution of 1 through t , w g R = B and0 0
 .the ``sup'' runs over such solutions, since the solution of 1 may not be
 w x.unique see 12 . Denote by K the set of strictly increasing function
w q qx  .w g C R , R satisfying w 0 s 0.
3. MAIN RESULTS
We shall state and prove our main results in this section. Let us begin by
proving a result on uniform stability and uniform boundedness.
w qxTHEOREM 1. Let w g K, h g G , h g G , g g C R, R li 0 0 1
1w .  . q  .L 0, ` , G s is continuous and locally Lipschitzian in R , G s ) 0 for
 .  .  . w q qxs ) 0, and G 0 ' 0. Assume that V t ' V t, x g C R = B, R satis-t
fies
ÇV t F g t G V t , if V t G V s for s F t . 6 .  .  .  .  .  . .
   ..  .  .   ..  .  .If w h t, x t F V t, x and V t , f F w h t , f , then 1 g h , h -1 t 0 2 0 0 0
 .  .  .US, and 1 g h , h -UB if w s ª ` as s ª `.0 1
 . s  .  .  .Proof. Let H s s H dsrG s 0 - s < 1 and y t be a solution ofs 00
the scalar equation
y t s g t G y t , y t s y ) 0. 7 .  .  .  .  . .Ç 0 0
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 .  .  .For any « , let « s w « . Since G s ) 0, H s is strictly increasing1 1
 .  . 1w .and H « y H « r2 ) 0. It follows from g g L 0, ` that there exists1 1
a T ) 0 such that
`
g s ds - H « y H « r2 . 8 .  .  .  .H 1 1
T
Now we shall prove that there is a d - « r2 such that for t G T1 1
y t - « if y T - d . 9 .  .  .1 1
If not, there exists t ) t G T such that2 1
w xy t s « r2 F y t F y t s « for t g t , t . 10 .  .  .  .1 1 2 1 1 2
 .  .  .From 7 , 8 , and 10 , we have
t2H « s H y t s H y t q g s ds .  .  .  . .  . H1 2 1
t1
- H « r2 q H « y H « r2 s H « , .  .  .  .1 1 1 1
which is a contradiction.
Because the assumptions on g and G ensure the continuous depen-
 .  .dence of solutions of 7 on the initial values t , y , there exists a0 0
 .  .  .  .  . 5neighborhood s t of t , 0 with a radius d t , i.e., s t s t , y t0 0 2 0 0 0 0 0
<  .  .4  .  .y t - d t , y - d t , such that for t , y g s t0 2 0 0 2 0 0 0 0
< <y t , t , y - d r2 and y t , t , y y y t , t , y - d r2 for .  . .0 0 1 0 0 0 0 1
w xt g 0, T .
Thus
< < w xy t , t , y F y t , t , y q y t , t , y y y t , t , y - d ; t g 0, T , .  . .  .0 0 0 0 0 0 0 0 1
; t , y g s t . . .0 0 0
  . < w x4It is obvious that the collection s t t g 0, T of open subsets of R is0 0
w xan open cover of the compact set 0, T . This implies that there are finitely
 k . .many s t k s 1, . . . , n such that0
n
kw x0, T ; s t .D 0
ks1
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w x   k .4by the compactness of 0, T . Taking d s min d t , we have for3 1F k F n 2 0
w xany t g 0, T0
y t , t , y F d if y - d . .0 0 1 0 3
 .Combining 9 , we have for y - d0 3
y t - « for t G t . . 1 0
y1 .  .For the above d , choose y s d r2 and d s w d r2 . If h t , w - d ,3 0 3 2 3 0 0
 .then the assumptions on V t , f implies0
V t , f F w d s d r2 s y - d . .  .0 2 3 0 3
where d is independent of t . Applying Lemma 1, for t G t3 0 0
V t F y t - « s w « if h t , w - d . .  .  .  .1 1 0 0
   ...  .From w h t, x t F V t, x , we have for t G t1 t 0
h t , x t - « if h t , w - d . .  . . 0 0
 .  .This proves 1 g h , h -US.0
1w . `  .  .Since g g L 0, ` , we may let H g s ds F M. If w s ª ` as s ª `0 1
y1w   ..and a ) 0 is any given constant, there is a b ) 0 such that H H w a2
x  .  .  .q M F w b . If h t , f - a , t G 0, then Condition 6 and the1 0 0 0
 .  .inequalities on V t, x and V t , f implyt 0
H V t F H V t q M F H w a q M , and .  .  . .  .  .0 2
y15 5w x t F V t F H H w a q M F w b . .  .  .  . .  .1 2 1
  ..  .  .Therefore, h t, x t F b for t G t . This obviously implies 1 g h , h -0 0
UB.
For UAS, we first establish a result by using Lyapunov functions.
 .  .THEOREM 2. Suppose 1 g h , h -US, w g K, h g G , and the follow-0 i 0
ing conditions hold.
 .   .. w q qx    ...   ..i V t, x t g C R = E, R and w h t, x t F V t, x t F1
   ...w h t, x t .2
 . w qxii There are positi¨ e constants r and T* and g g C R, R such that
for any t G T*
ÇV t , x t F yF t , h t , x t q g t 11 .  .  .  . .  . .1.
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  ..  . w q qx  .if P V t ) V t q u , yr F u F 0, where P g C R , R , P s ) s for
   ...  .   .. s ) 0 and F t, h t, x t G c t, s G 0 for h t, x t G s ) 0 called
.  .Razumikhin condition , where c t, s is measurable.
 . tqp  .iii For any gi¨ en s ) 0, lim inf H c t, s dt s ` andpª` t G 0 t
`  .H g t dt s V - `.0
 .  .Then 1 g h , h -UAS.0
 .  .Proof. From 1 g h , h -US, for a given H ) 0, there exists a d ) 0,0
  ..  .independent of t , such that, for t G t , h t, x t - H if h t , f - d .0 0 0 0
 .   .For an y « g 0, H , w e ch oose 0 - 2 a - m in w « ,1
  . 44inf P s y s . Let N be the first positive integer such thatww « .r2xF sF w H .1 1
w « q Na G w H . 12 .  .  .1 2
` Ã Ã .From H g t dt - `, there is a T with t q T ) T* such that0 0
t Ãg s ds - a, for any t ) t q T . 13 .  .H 0Ãt qT0
y1 Ä . w  . xFrom condition iii , for s J w w « r2 , there is a constant T ) 02 1
such that
ÄtqT
c t , s dt ) w H q V for all t G 0. 14 .  .  .H 2
t
Ä Ã .Let t s t q k T q r q T , we shall prove by mathematical induction thatk 0
V t F w « q N y k a, ; t G t , k s 0, 1, . . . , N. 15 .  .  .  .1 k
 .  .  .It is obvious that 15 holds for k s 0 by 12 . Let 15 hold for some
k, 0 F k - N. We now prove that
V t F w « q N y k y 1 a, ; t G t . 16 .  .  .  .1 kq1
 . w xÃIn order to show 16 , we first show that there is a t g t q r, tkq1 k kq1
such that
ÃV t - w « q N y k y 2 a. 17 .  .  . .kq1 1
w xOtherwise for any t g t q r, tk kq1
V t G w « q N y k y 2 a. 18 .  .  .  .1
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 .  .Combining that P s ) s q 2 a and the assumption that 15 holds for k,
we have
P V t ) V t q 2 a G w « q N y k a G V s , ;s G t . 19 .  .  .  .  .  . . 1 k
w x w xNoting that t g t q r, t implies t y r g t , t , we havek kq1 k kq1
w xP V t ) V s , ;s g t y r , t . .  . .
 .Then, from condition ii , we obtain
V 9 t F yF t , h t , x t q g t . 20 .  .  .  . . .
 .  .  .On the other hand, condition i , 18 with k - N and a - w « r2,1
we have
w h t , x t G V t , x t G w « r2 or h t , x t G s ) 0. .  .  .  . .  .  . .2 1
21 .
 .By the assumption on F and 17 , we have
F t , h t , x t G c t , s G 0 .  . . .
and
V 9 t F yc t , s q g t , ; t G t . .  .  . k
 .  .Thus, by condition iii and 14 ,
Ä Ät qTqr t qTqrk kV t F V t q r y c s, s ds q g s ds .  .  .  .H Hkq1 k
t qr t qrk k
Ät qTqrkF w H y c s, s ds q V - 0. .  .H2
t qrk
 .  .This contradicts V t G 0. Hence, 17 holds.
ÃNow we prove for all t G t ,kq1
V t F w « q N y k y 1 a. 22 .  .  .  .1
ÃOtherwise, there must be t ) t ) t such that2 1 kq1
V t s w « q N y k y 2 a, V t s w « q N y k y 1 a, .  .  .  .  .  .1 1 2 1
23 .
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 .  .  . w x w xand V t F V t F V t for t g t , t . Then for t g t , t1 2 1 2 1 2
P V t ) V t q 2 a G V t q 2 a s w « q N y k a ) V s , .  .  .  .  .  . . 1 1
w x;s g t y r , t .
 .By the condition ii , we have
ÇV t F yF t , h t , x t q g t F g t . 24 .  .  .  .  . . .
 .  .Integrating both sides of 24 and using 13 ,
t2V t F V t q g t dt - w « .  .  .  .H2 1 1
t1
q N y k y 2 a q a s w « q N y k y 1 a. .  .  .1
 .  .  .This contradicts 23 and shows that 22 holds. So 16 is true in view of
Ãt G t .kq1 kq1
 .Thus by induction, 15 holds for k s 0, 1, . . . , N. Then, for k s N, we
have
Æw h t , x F V t F w « , or h t , x F « , ; t G t J t q T , .  .  .  . .1 1 N 0
Æ Ä Ã .where T s N T q r q T is independent of t . The proof of Theorem 2 is0
complete.
 .  .COROLLARY 1. If the conditions ii and iii in Theorem 2 are replaced
by
 .ii9 For any s * G 0 there are positi¨ e r and T* such that for any t G T*
ÇV t F yh t w h t , x t y s * .  .  . . .1. 5
  ..  . w q qx  .if P V t G V t q u , yr F u F 0, where P g C R , R , P s ) s for
s ) 0.
 . tqT  .iii9 lim inf H h s ds s `.T ª` t G 0 t
Then its conclusion is still true.
 .Proof. Taking s * s w s r2 for any s ) 0, we have5
h t w s y s * s h t w s r2 J c t , s , ; t G T*. 25 .  .  .  .  .  .5 5
 .Then condition ii of Theorem 2 can be rewritten so that there exist
positive constants r and T* such that for any t G T*
ÇV t , x t F yh t w h t , x t y s * J yF t , h t , x t .  .  .  . .  .  . .  .1. 5
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  ..  .    ...  .if P V t ) V t q u , yr F u F 0, where F t, h t, x t G c t, s for
  ..  .  .h t, x t G s ) 0. Combining condition iii9 , condition iii of Theorem 2
is satisfied. The proof is complete.
 .  .THEOREM 3. Suppose 1 g h , h -US, w g K, h g G . Assume that0 i 0
 .  . w q qxV t J V t, x g C R = B, R satisfiest
 .i For any s * G 0 there are positi¨ e constants T# and r such thatÄ
5 5w h t , x t F V t , x F w h t , x t q s *, ; t G T#, .  .  . .  . .  .rÄ1 t 2
26 .
5  .5 <  . <where ? t s sup ? t q u .rÄ yr F u F 0Ä
 . 1w .ii There are positi¨ e constants T* G T#, and r G r, and g g L 0, `Ä
with g G 0 such that for any t G T*
ÇV t , x F yF t , h t , x t q g t 27 .  .  .  . . .1. t
  ..  . w q qx  .if P V t ) V t q u , yr F u F 0, where P g C R , R and P s ) s
   ...  .   ..for s ) 0 and F t, h t, x t G c t, s G 0 for h t, x t G s ) 0.
Ç Ç .   ..  .   ..  .iii h t, x t F w t if h t, x t is bounded, where h t, x is defined by
Ç qh t , x s lim h t q s, x q sf t , x y h t , x rs, .  .  . .sª0 t
tqb  .  .lim inf H c t, s dt s q` and c t, s g PM for any gi¨ en s )bª` t G 0 t w
0.
 .  .Thus 1 g h , h -UAS.0
 .Proof. The proof is the same as that of Theorem 2 except the t in 15k
 .  .  .will be redefined and the contradiction on V t between 21 and 22
needs to be restructured under the conditions of Theorem 3.
 .For the « in the proof of Theorem 2, we choose s * - w « r4. From1
 .  .  .condition i , there are r ) 0 and T# G 0 such that 26 holds. Then 21Ä
becomes
5 5s * q w h t , x t G V t , x t G w « r2 or .  .  . .  . .rÄ2 1
5 5 y1h t , x t G w w « r4 J 3s . 28 .  .  . .  .rÄ 2 1
Now, for the s , find a b G r such that for t G t there is at least aÄ 0
w xt# g t,t q b such that
h t#, x t# F s . 29 .  . .
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w xOtherwise, there is t* G t such that for any b ) 0 and s g t*, t* q b ,0
  ..  .h s, x s G s . Then, by the assumption on F and 20 with k s 0, we
have
V 9 t F yc t , s q g t , ; t G t*. .  .  .
1w . tqb  .Thus, from g g L 0, ` and lim inf H c t, s dt s q`, we ob-bª` t G 0 t
tain
t*qb
V t q b y V t* F y c s, s ds .  .  .H
t*
t
q g s ds ª y` as b ª `. .H
ak
 .This contradiction proves 29 .
 .  . w x wFrom 28 and 29 , there is a interval sequence a , b ; t# q ib, t#i i
 . x 4q i q 1 b , i s 1, 2, . . . such that
w xh a , x a s s F h t , x t F h b , x b s 2s for t g a , b , .  .  . . .  .i i i i i i
i s 1, 2, . . . .
 .Thus, condition iii implies that
bi
w t dt G h b , x b y h a , x a s s . 30 .  .  .  . .  .H i i i i
ai
b i  .  .There is a d ) 0 such that H c t, s dt G d by c t, s g PM . Then wea wi
may remake
0 Ãt s t q k T q r q T , .k 0
0 Ä  . 4  .where T G max T , T*, m q 1 b and m with md - a q w H q s *.2
 .  .  .  .Using 13 , 20 , 30 , and c t, s g PM , we obtainw
 .t q mq1 bqrkV t y V t q b q r F y F s, h s, x s ds q a .  .  . . .HKq1 k
t qbqrk
m
biF y c s, s ds q a . H
aiis1
F ymd q a.
 .  .This implies V t F w H q s * y md q a - 0, which is a contradic-kq1 2
 .tion on V t G 0, and the proof is complete.
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4. APPLICATION
As an application, we shall discuss in this section, a few examples to
demonstrate the advantages of our results.
EXAMPLE 1. Consider the scalar equation
t
x t s ya t x t q b t x t y t t q C t , s, x s ds, 31 .  .  .  .  .  .  . .  .Ç H
y`
w q x  . w q x w q qxwhere a, b g C R , R , C t, s, x g C R = R = R, R , t g C R , R
 .and t t F r .0
 . tqb  .PROPOSITION 1. 31 g UAS if lim inf H a t dt s q` andbª` t G 0 t
1w .there exists a nonnegati¨ e constant a and function c g L 0, ` such that
< < < < < <b t F a a t , C t , s, x F a t c t y s x , .  .  .  .  .
`
a q c s ds - 1. 32 .  .H
0
 . <  . <Proof. Let V t s x t . Then
tÇ < < < < < < < <V t F ya t x t q b t x t y t t q C t , s, x s ds .  .  .  .  .  . .  .H
y`
t
F ya t 1 y a y c t y s ds V t F 0 33 .  .  .  .H
y`
 .  .  .  .if V t G V s for s F t. From Theorem 1, 31 g US and 31 g UB.
 .  . 1w .From condition 32 , c s g L 0, ` and there is a constant p ) 1 such
that
`
1 y p a q c s ds J w ) 0. .H /0
<  . < `  .Let x t F M. Then for any s ) 0, there is T ) 0 such that H c s ds -1 T
s rM.1
Ç 4  .In order to apply Corollary 1, letting r s max T , r , we calculate V t0
again
t tyrÇ < <V t F ya t 1 y pa y p c t y s ds x t q Ma t c t y s ds .  .  .  .  .  .H H
tyr y`
` `
< <F ya t 1 y pa y p c s ds x t q Ma t c s ds .  .  .  .  .H H
0 r
< <F ya t w x t y s .  . 1
 .  . w xif pV t G V s for s g t y r, t .
 .Therefore, all conditions of Corollary 1 are satisfied and 31 g UAS.
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Remark 3. A sufficient condition similar to Proposition 1 has been
w xgiven by Zhang 16 . But in application, it is inconvenient to check Zhang's
5  .5 y`, t x  . wcondition since he requires that x t F 1, a t G M* ) t0 or at
 . x w q x  .least a t g PIM and there is a function q g C 0, `, R with q s ) r
for s ) 0 such that
 .yq s ’2 m u du - d s , .H
y`
1w .which is very difficult to prove for arbitrary m g L 0, ` .
 .For example, Proposition 1 implies 31 g UAS if we take
< < < <a t s sin t q sin t t s b b t b ) 2 , r t s cos t , .  .  .  .  .
C t , s, x s ey tys.b t x . .  .
w x  .However, the conditions in 16 lose efficacy for this example since a t s 0
w . xfor t g 2k y 1 p , 2kp , k s 1, 2, . . . , which implies a )u 0 and a f PIM.
EXAMPLE 2. Consider the functional differential equation
x t s Ax t q f t , x , 34 .  .  .  .Ç t
  . 4where A is the generator of a C -semigroup T t , t G 0 on a Banach0
w xspace E 11 . Let B be a Banach space of all strongly continuous
w x  .  .functions from ya , 0 into E with the uniform norm. If x t g C R, E
satisfies the functional integral equation
t
x t s T t f 0 q T t y s f s, x ds, ; t G 0, x t s f t g B, .  .  .  .  .  .  .H s
0
w x; t g ya , 0 ,
 .  .  .x t is called a mild solution of 34 . Stability in E of mild solutions of 34
w x  .defined by Zaidman 15 is the stability in measures in h t, f s0
5 1. . 2. .5  . 5 1. 2. 5sup f s y f s and h t, x s x y x for any mildE Eya F sF 0
 i.  i.  .solutions x with initial functions f g B i s 1, 2 . Assume that the
  . 4C -semigroup T t , t G 0 generated by A satisfies0
5 5 yg t 5 5T t v F Me v , ; t G 0 35 .  .E E
for any v g E, where g G 0 and M G 1 are constants. Suppose that
f : Rq= B ª E is Lipschitz continuous and verifies a Lipschitz estimate
q q Ä5 5 5 5f t , c y f t , w F b t c y w , b g C R , R and b t F b , .  .  .  .  .E a
; t G 0, 36 .
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5  .5 5  .5where x t s sup x t q u . Under the conditions stated witha Eya F u F 0
 . w x34 , existence of mild solutions is no problem 11 .
 .PROPOSITION 2. The mild solutions of 34 are uniformly stable in E if
 .  . 1w .a g y Mb t G 0 or g G 0 and b g L 0, ` ;
they are uniformly asymptotically stable in E if
 . 1w .  .b g ) 0 and b g L 0, ` or b t s L and g ) LM.
 i. .  .Proof. Suppose x t , i s 1, 2, are two mild solutions of 34 with
initial condition f  i. g B. That is,
t i.  i.  i.x t s T t f 0 q T t y s f s, x ds, ; t G 0, .  .  .  .  .H s
0
 i.  i. w xx t s f t , ; t g ya , 0 . .  .
1. . 2. .  .We estimate their difference x t y x t J u t and obtain the rela-
tion
tyg t yg  tys. 1. 2.5 < 5 5 5 5u t E F Me u 0 q Me f s, x y f s, x ds, .  .  .  .E H Es s
0
tyg t yg  tys.5 5 5 5F Me u 0 q Me b s u ds. .  .E H as
0
w . qLet V : yr, ` ª R be defined by
t¡ yg t yg  tys.5 5 5 5Me u 0 q Me b s u ds, if t G 0 .  .E H as~ 0V t s .
1. 2.¢5 5 5 5 w xf y f J u , if t g ya , 0 .a a0
37 .
 . 5  .5From g ) LM, there is a p ) 1 such that g ) pLM. Then V t G u t E
satisfies
Ç 5 5V t F yg V t q Mb t u .  .  . at
y g y Mb t V t if V t G V s for s F t , .  .  .  . .
F  w xy g y pMb t V t if pV t G V s , ;s g t y a , t . .  .  .  . .
38 .
 .The first above inequality and condition a imply that the mild solutions
 .  .of 34 are US and u t is uniform bounded in E by using Theorem 1. Let
Ä5 5u F M for t G 0.at
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tyT yg  tys. Ä yg T .5 5Since H Me b s u ds F MMbe rg , for any s * ) 0 therea0 s
is a T such that
tyT tyg t yg  tys.5 5 5 5V t s Me u 0 q q Me b s u ds .  .  .E H H as 5
0 tyT
t yg  tys.Ä Ä5 5 5 5F s * q b Me u ds F s * q Mb u rg , ; t G T .H a aqTs t
tyT
 .This implies condition i of Theorem 3.
 .  .The second inequality of 38 and condition b imply that
1Ä5 5yg u t q pMMb t for g ) 0 and b g L 0, ` , .  . .EÇV t F .  5 5y g y pML u t for b t ' L and g ) pLM , .  .  .E
39 .
 .which shows condition ii of Theorem 3 is satisfied.
w x EBy Lemma 3.5 of Shin 11, p. 834 , there are constants K and b such
that
d
E5 5 5 5 5 5u t F K u t q b u t . .  .  .ÇE E Edt
 .  .Using 34 and 36 , we have
d
E EÄ Ä5 5 5 5 5 5 5 5 5 5u t F K A q b u q b u t F K A q b q b .  . .  .E r Etdt
Ä= M J w .
 .  .  . From the inequality of 39 , we have c t, s s gs or c t, s s g y
.  .  .pLM s . It is obvious that c t, s g PM since both c t, s and w arew
positive constants.
Then all conditions of Theorem 3 are satisfied and the mild solutions of
 .34 are uniformly asymptotically stable in E.
w xRemark 4. Proposition 3 extends Theorem 7.1 in 15 to abstract
w xsemilinear functional differential equations with bounded delay 11 .
EXAMPLE 3. Consider partial differential equation with infinite delay
­ u t , x . t
s D t Du t , x q A t u t , x q B t y s u s, x s ds, .  .  .  .  .  . .H
­ t y`
t , x g Rq= V , 40 .  .
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with initial boundary conditions
­ u t , x .yu t , x s f t , x , t , x g R = V , ' 0, t , x .  .  .  .
­n
g R = ­ V , 41 .
w q n=n x  .   .  .4  ywhere A, B g C R , R , D t s diag d t , . . . , d t , f g C R =1 n
n.  m < < < 4V, R , D is the Laplacian operator in V, V s x g R x - l with
smooth boundary ­ V, n is the outward normal of ­ V.
 . 2 .PROPOSITION 3. 40 is UAS in L V if there is a constant d ) 0 such
that
`
T 2 5 5l A t q A t y 2 D t mrl F yd and 2 B t dt - d . .  .  .  .HM
0
 . 5  .5 2 2 T  .  .Proof. Let V t s u t, x s H u t, x u t, x dx. ThenL V . V
T­ ­
TÇV t s u t , x u t , x q u t , x u t , x dx .  .  .  .  .H  5­ t ­ tV
T T Ts 2u t , x D t Du t , x q u t , x A t q A t u t , x dx .  .  .  .  .  .  . 4H
V
tT qq 2u t , x B t y s u s, x s ds dx , t , x g R = V , .  .  .  . .H H
V y`
 .which is a FDE on V t . In the following, we omit the arguments t and x
 .  .in u t, x and D t to simplify the expressions in the proof.
w xUsing the divergence theorem 9, p. 89 and the boundary condition, we
have
­ ui2w x w x=u q u Du dx s u dx ,H Hi i i i ­nV ­ V
where = is the gradient operator in V. Then
2w xu Du dx F y =u dx i s 1, . . . , n.H Hi i i
V V
w xBy the Poincare's inequality 1, p. 194 , we obtainÂ
l 2 22 w xu dx F =u dx.H Hi imV V
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It follows that
m
2u Du dx F y u dx , i s 1, . . . , n ,H Hi i i2lV V
and
n n
Tu DDu dx s d u Du dx s d u Du dx H H Hi i i i i i
V V Vis1 is1
nm m
2 TF y d u dx s y u Du dx.H Hi i2 2l lV Vis1
Therefore,
T T 2ÇV t F u t , x A t q A t y 2 D t mrl u t , x .  .  .  .  .  .H 
V
tT< < 5 5 < <q2 u t , x B t y s u s, x s ds dx , .  .  . .H 5
y`
t2 2 2
25 5 5 5 < < < <F yd u t , x q B t y s u t , x q u s, x s .  .  .  . .L V . H H
y` V
= dx ds
`
5 5F yd q 2 B s ds V t F 0 .  .H
0
 .  .  . 2 .if V t G V s for s F t. It follows Theorem 1 that 40 g US in L V
 . 2 .and 40 g UB in L V .
 . 5  .5 2 2Let V t s u t, x F M. Then for any s * ) 0, there is T ) 0 suchL V .
`5  .5 `5  .5that H B s ds - s *r2 M. Taking p ) 1 such that d y 2 pH B u duT 0
Ç .) 0, we calculate V t again
t tyTÇ 5 5 5 5V t F yd q 2 p B t y s ds V t q 2 M B t y s ds .  .  .  .H H
tyT y`
`
5 5F y d y 2 p B s ds V t q s * .  .H /0
 .  . w xif pV t G V s for s g t y T , t . Therefore, all conditions of Corollary 1
2 .  .are satisfied and 40 g UAS in L V .
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